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ASYMPTOTIC SOLUTIONS OF INTEGRAL EQUATIONS OF CRACK THEORY PROBLEMS
FOR THIN PLATES"

V.B. ZELENTSOV

Integral equations to which problems of the bending of thin plates with
slits can be reduced are considered. On the basis of the properties of
the integral equation kernels, conclusions are drawn concerning the
classes of existence and uniqueness of their sclutions. Asymptotic
methods based on extraction of their principal part with subsequent exact
inversion are proposed for the solution of the integral equations. On
the basis of the solutions obtained, formulas are presented for the stress
intensity factors in the slit angles, and their dependence on the geo-
metrical parameters of the problem is shown, Other problems are indicated
that result in the solution of the integral equations under consideration.

Asymptotic methods of solving integral problems of elasticity theory
problems on cracks /1-3/ were considered earlier, as were also integral
equations /4/ analogous to those considered below.

1. The integral equation. Two kinds of problems (A and B) of crack theory  for
Kirchhoff~Love plates are studied.

Problem A. A Kirchhoff-Love plate in the form of a strip of width 2k (0 <y <{2h) is
considered which is stiffly clamped along the edges., There is a rectilinear slit {(crack) of
length 2a on the plate axis of symmetry {y = k). The slit (crack) edges are subjected to
the action of a bending moment M, ==g@, (). It is required to determine the angle of rotation
of the slit edge g,°(x) (Fig.la).

Problem B. As in problem A, a plate in the form of a strip with a slit (crack) is con-
sidered. The slit (crack) is opened under the action of an antisymmetric transverse force
Vy =2 (%) distributed along the slit edges. Determine the vertical displacement of the
slit (crack) edges g°(z) (Fig.lb).

The mathematical formulation of the problems under consideration is as follows: find the
solution of the boundary value problem for the biharmonic equation

DAe = g (z, ¥) (1.1)

(w(z, ¥) is the plate deflection, ¢ (ry y¥) is the distributed load, and D is the cylindrical
stiffness) with mixed boundary conditions.

Problem A.
w(,0) = w,’ (2, 0) =V, (z,h) =0, | z]| < oo (1.2)
Myz, b)) = ¢ (2), |z]<aiw (3, B) =0, a<|z|< oo

*prikl .Matem.Mekhan.,52,1,153-159,1988
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Fig.l

Problem B.

w(z,0) = w, (z, 0) =M, (z, h) =0, | 2| <

(1. 3)
Vi@, By =@ |z|<awmh) =0a<|z|< oo

By using a generalized Fourier integral transform, these boundary value problems can be
reduced to the solution of the integral equation

1

N\ g @) b (277 )b = 20m (), 2] <1 (1.9

-1

A = hla, gm(z) = (—1)™*(1 — v)(3+v) Dgm’/(20)

Here (the integral is understood in the generalized sense)
b (t) = S Ko () e du (1.5)
——00

— 2u 4chtu — (14 v)shhu + (1 4 v)2u?
En)=T=5F% *h2s— (= )" 2u

where m =1 for problem A and m = 2 for problem B.

2. Properties of the kernel of the integral equation. The function Km(s) of
the kernel of Eq.(l.4) is continuous along the real axis, is even, meromorphic in the complex
plane and has the following asymptotic properties:

Km= "'+ 0(™), || >0 Kn=An+ 0@, |u| 0 (21)
In the complex plane u = 0 + it the functions Km(4) can be represented in the form of
infinite products

mw=mmqﬁﬂ% 2.2)

where =+id,m, +iy,m are, respectively, the zeros and poles of the function Km (u).

Lemma. The representation

Fn (1) =T @)™ — Lo (t), L () = (w1 — K (u)] cos ut dt (2.3)
0

is valid.

The functions L (f) is regular in the strip |Z|<C oo, [v|<< 2. Moreover, for |t <2
it 1s represented by the absolutely convergent series

La(®y= Y a¥r*, of= TF((—;). §wm—t — Kop @) 0 du (2.4
=y []

To prove the lemma we use the integral (in the generalized sense) /5/

S ut™-1cog utdu = — sinx (m - -;—-) r'@m)e™
*
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where T (z) is the Gamma function.
The function L (2) is regular in the strip |[t|<C oo, |T|<C2 for the estimate (2.i' and
/6/. Representation (2.4) is obtained after expanding c¢os ut in a power series in t.

3. Inversion of the principal part of the integral equation. Extracting the
singular part of the kernel of integral Eq.(l1.4) by using (2.3), we obtain

r@m )S%=—n¢m(x)—,r:ﬁggm(m...(%—‘)ds (3.1
21

Integrating the left and right sides of (3.1) 2m — 1 times with respect to z, we obtain
the singular equation

1

} 25 =P (o @)
-1

m-— 1

e —— %(x)——Sg,..@Lm( *)ae

whose solution can be obtained by reduction to a boundary value problem on the jump of analytic
functions /7-9/. Seeking the solution of (3.2) in the class of functions gm () = Gm (2)(1 —
2™ /10-12/, where Gm (2)E C, |—1,1], we obtain the formula

1

tn@ =2 { Rat. ) Fn®dt, Funl)= g5 (=5 3.3)
-1

in which the integral for m = 2 is understood as generalized in the sense of its finite part
/13, 14/. The conditions
§ *1F ()

t’),,,_,,. =0, k=1,2,...,2m —1) (3.4)

should be satisfied here.

Theorem. 1I1f the function @, (z) € Bayl—1.1], @ > m —1%,, then any solution of integral
Eq.(1.4) or (3.1) from the class L[ 14), p>1 is a solution of the integral equation

1
n(@=—(—~ "5 § Rn(t,2)On(t)dt — (3.5)
-1

1

1
(=m0 § Rt 2)dt § g () Ln® (B — DA R, |2|< S
-1

-1

of the form gm(z) = Gm(z)(1—2®)™ ', where Gu(z) = C,[—1,1] under the conditions (3.4) and (3.2)
and vice-versa, Here

oo &

S —gm(@) Ln* ()= (— )" aemt Y

X=0

by = 2k +1, b® = (2k +1)(2k +2)(2k +3)

{ax+am-1

In the proof it is necessary to take into account that if g(z)& Ly[—1,1], - > 1, then
the second copponent on the right-hand side of (3.1) is continuous with all derivatives of the
function for z & [—1, 1). Further, inverting the operator on the left-hand side of (3.1) by
means of (3.3), we obtain (3,5).

4. Large values of A. We use (3.5). We seek the solution of (1.4) in the form cf a
series in negative powers of %

En(2)= go X (@) A (4.1)

Substituting (4.1) into (3.5) and equating the expressions obtained for identical powers
of X. we obtain a solution to O(A™) accuracy in which
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1

g2 (@) =— (—1)"x § R, (t,2)Dn(t)dt (4.2)
1
1

1
@ =—a ( R.t.oat\ G—1el Gk
-1

g§'>(x)=_SRl(m)dtS(&—x)[ E—ne"® +

-1

a5 ) | d

B )= 0,6 = ‘Tgn,«,zms« B 6 () 0

£ (@) = — S Ry(t,2)dt S a® ¢ — b eP B +
-1
o (¢ — &)* g o ®)dt

etc. In the important special case when gn(z) =

1, taking into account that d"®/dr™= o@m(z),
we obtain to accuracy 0(),'5("“!))

m+1
Em(2) =T12m) (1 —29)™*s (14 3 ol (2) A7) 4 O (A¥m+) (4.3)
k-ml
‘ a{® 8 (al®) - (5 + 42%) oV
=7 o= % -
@ P @ __ 95 (19 +62Y)
980

oy =0, o _1'6—’ wg" =
where a(,:) is given by Egs.(2.4).

5. Small values of A. The zero-th term of the asymptotic form of the solution of the
integral Eg.(l.4) can be constructed in the form /15, 16/

en (@ =M tgn, (122 ) gn (222)VI () 6.1

under the condition that Vm(z) % 0 for z<{1. The functions gms (Z) satisfy the Wiener-Hopf
integral equations and the function Vm(z) satisfies the convolution equation

{ ems B kmE~ 2)dt =n@a(rak 1), 0z < 00 6.2)

§ Vi@ km@ — 2)dE=10n(A2), |2|< oo (5-3)
The function km (3) is given by (1.5).
) We find the solution of integral Egs. (5.2) and (5.3) for a special right-hand side
¢m (Ax —1) = £'%* by using a generalized Fourier transform /5, 6/. To obtain a simpler form of

the solution we approximate the function Km (B) of the kernel of the integral equation by an
expression of two kinds

T (8)

K (u) = }/TT

D W), Knlw)= —m'%)—”(") (1) (5.4)

rm@)= 11 @t 4 @@y,
| £ 3%

N 880
”("I.V)(u)___ H -:T-:_—((?L(:)))—‘, ro(u)=H(,:)(u)=1
k= m

that agree with Km (8) in the asymptotic properties (2.1). The constants Am, am ® 8, W are
found from the best approximation of Km () by these expressions on the real axis. To approxi-
mate Kuq, () (1.5) with a 3% error along the real axis it is sufficient to take N=0 in
this case.

In the important special case when ¢w(z) =1 (n = 0) the solution of (5.2) has the form
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(N =0)
Ve yreal S 1-k ¥
gms () =V K2 (0) 3 x(am,a™™,alM, 1) (5.5)
K1

. . '/Am —U [
x(wv.w, t) = e e “erf V(A — u)t
=1, oV =a? ol o -—1, of? =0
agk) _. a(z—k), k-==1,2; agli) =0, a;ﬂ) — a;l)’ a;-a) —_ aéz)

for the approximation of the second form of (5.4) and

m
- — 3 -
Em () ——i— Vansy1— z’Zaﬁﬁ) 1(1. 11—, 51— z’/\) (5.6)
=1
B0, o VT, e = e, PP =0
z = exp (—t/(20m)), Om = Am/n

for the approximation of the second form of (5.4). 1In particular, for m=1 and N =0 we
obtain the simplest form of the solution

g1+ () = 24,n7* arcsin Y1 — exp (—ntd,™)
The solution of (5.5) is obtained easily by using a generalized Fourier transform
V() =K0) 5.7)

Therefore, (5.1), (5.5), (5.6) and (5.7) yield a solution of integral Eq.(l1.4) for small
A.
In combination the solutions for small and large A yield the solution of (1.4) in the
whole range A <= (0, ). The nature of the solution obtained on approaching the edge is

gm(z) = C (1—z)ym'm as |z|—+1, C = const . 8

6. Numerical analysis of the solutions obtained. An analysis performed on a
computer shows that the solutions obtained for the integral equation for small and large A
are identical for A& |(1,2], as would be expected from theoretical considerations. The first
form of the approximation (5.4) was used in analysing the solution. For m=1 the solution

for small A has the following values of the parameters: A4, = 2.4236, q,{!) = 1.4486 while ay =
—0.5521, ¢, = 0.1911 for solutions for large A. In the case m =2 the parameters are the follow-
ing: A, = 4.5, a, = 1.6927, 4, == 2.020 for small i . and a, = —10.012, a, — 26.1871. For the junction,

the error of the solutions does not exceed the error of the approximation, i.e., 3%.

7. Stress intensity factor (SIF). The solutions obtained enable us to present
asymptotic formulas for the SIF. The SIF for problems A, B under consideration K = K, — iK,
in the terminology of /10/ is calculated by means of the following formulas (§ is for large A
and p for small A):

K == Pk (1) 6™, Kt = P () W7 1 pry = 6y 1
m+1
W O=T22m)[1+ 3 o ()2 2],
LT3

- [t3 1-k K
M+l =
Enm¥ (t)= tzl X(am)y a$n+ ), asu ), t)

in which ¢, is the moment distributed over the crack edge, ¢g° is the distributed transverse
force, hy is the plate thickness, o% (z) is from (4.3) and X(u, v, w, t) from (5.5). The
asymptotic formulas (7.1) are identical for large and small A when A& [1,2] with up to 5%
error. Note that the coefficient Km® is proportional to a™*. and Km* 1is proportional to
hm-'s,

8. Other problems about slits resulting in the integral Eq.(l.4). we will
mention two problems of the type B of practical importance, whose solution reduces to solving
the integral Eqg.(l.4).

Problem B'. A plate of the same planform with a slit of length 24 located on the axis
of symmetry (y =~h) is considered. The slit opening is obtained by displacing the side face
of the plane (y = 2h, z < o©) along the 0z axis by an amount 2K relative to the side face
=20 The side faces of the plate are here clamped stiffly. Determine the displacement of
the slit edge H — g/(z), z < a.

Problem B”. The problem of the opening of a slit of length 2agon the axis of symmetry
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(y=h) of a plate inthe form of a strip (0 ¥y << 2h, |2|< ®) is considered. The plate
side faces (y =0, y = 2k) are clamped and rotated through an angle f. Determine the dis-
placement g2''(z) of the slit edge.

By using the generalized Fourier transform /13/ or the method of superposition ofsolutions
of the homogeneous and inhomogeneous problems /3/, the problems can be reduced to the solution
of integral Eg.(l.4). The solutions of the problems are here expressed in terms of the
solutions gm (z) obtained for the integral equations (1.4) by the formulas g’ (z) =vyHK. (0)h™* x
g:(z) (problem B') g/’ (z) = vBK,(0) k™%, () (problem B"), where 9y = 2(1 — v)}(3 4+v)'D!,

Note that the coefficients of problems B’, B" are proportional to the following
geometrical parameters K,'0 ~ a'+h3H, K,'» ~ h™1H, K_z'ﬂ ~ a'hd, Ky’ ~ B,

The author is grateful to V.M. Akeksandrov for his interest.
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